Abstract. We introduce a family of cyclically presented groups defined by five parameters, suggested by fundamental groups of certain closed 3-manifolds. This family includes groups studied by Sidki in [6] . We determine several algebraic properties of our family of groups, and give a geometrical interpretation of such groups for particular choices of parameters.
Introduction
The connections between cyclic presentations of groups and the topology of cyclic branched coverings have been recently pointed out by several authors (see, for example, [1] , [6] , and their references). In the present paper, we introduce a new family of cyclic presentations of groups which have been suggested by the study of the fundamental groups of closed 3-manifolds. This family contains, as special cases, some classes of cyclically presented groups which are known to be the fundamental groups of certain closed 3-manifolds first considered in [1] , [3] and [8] . More precisely, for all n d 1 and all tuples of non-negative integers ðk; l; q; tÞ such that t 0 0 and such that q divides 2t and lt, consider the group G k n; t; q; l with generators a 0 ; . . . ; a 2n and cyclically defined relations
where a :¼ tkðl þ 1Þ þ ðltÞ=q, b :¼ tk þ ð2tÞ=q À 1 and i ¼ 0; . . . ; 2n. Here the subscripts are taken modulo 2n þ 1. For l ¼ 0, q ¼ 2, and t ¼ 1, these groups are known (and denoted by G k n in [6] ):
. . . ; a 2n : a i a iþ2 . . . a iþ2ðkÀ1Þ ¼ a iÀ1 a iþ1 . . . a iþ2kÀ1 i for i ¼ 0; . . . ; 2n (with subscripts modulo 2n þ 1). If 2k þ 1 is coprime with 2n þ 1, then G k n is the fundamental group of a closed connected 3-manifold Sð2n þ 1; 2k þ 1; 2k; 1Þ constructed combinatorially in [3] . If k ¼ 1, and 3 does not divide 2n þ 1, then G k n is precisely the Sieradski group Sð2n þ 1Þ introduced in [8] , having generators a 0 ; . . . ; a 2n and cyclic relations a i a iþ2 ¼ a iþ1 (with subscripts modulo 2n þ 1). It was proved in [1] that Sð2n þ 1Þ is the fundamental group of the ð2n þ 1Þ-fold cyclic covering of the 3-sphere branched over the trefoil knot. Here we determine algebraic and geometrical properties of the above groups G k n; t; q; l . Such groups admit a cyclic automorphism s defined by setting sða i Þ ¼ a iþ1 (with subscripts modulo 2n þ 1). We describe the split extension of G k n; t; q; l by the multiplicative cyclic group C 2nþ1 ¼ hs : s 2nþ1 ¼ 1i, and obtain a 2-generator presentation for G k n; t; q; l . This allows us to determine completely its abelianization. Our results extend and, in some cases, complete those obtained by Sidki in [6] . For particular choices of parameters we prove that our groups correspond to spines of some fibered spaces in the sense of [5] and [10] , for which we determine explicitly the Seifert invariants. Finally, we show that our group presentations do not admit a geometric realization for certain values of the parameters.
2 Algebraic properties of the groups G k n, t, q, l
Throughout the section we set G ¼ G k n; t; q; l , and assume the arithmetic conditions on the parameters stated in Section 1. Let us denote by _ G G the split extension group of G by C 2nþ1 ¼ hs : s 2nþ1 ¼ 1i, where s is the automorphism cyclically permuting the generators a 0 ; . . . ; a 2n of G. Write a ¼ a 0 and let _ G G ¼ Ghsi. If qða þ b þ 1Þ is coprime with 2n þ 1, then there are integers m and m 0 such that
Proof. By the definition of a and b, hypothesis (1) is equivalent to the condition 
Hence by (1) and (3), we obtain
We can reformulate Lemma 2.2 as follows: The following theorem extends the main result of [6] (see the case when l ¼ 0, q ¼ 2, t ¼ 1 and ð2k þ 1; 2n þ 1Þ ¼ 1 in [6, §0.3] ) to our family of groups G k n; t; q; l . Theorem 2.5. Let n d 1 and k, l, q, t be non-negative integers such that t 0 0, q divides 2t and lt, and ðqða þ b þ 1Þ; 2n þ 1Þ ¼ 1. Then G ¼ G k n; t; q; l admits the 2-generator 3-relation presentation
where
As a particular case of Theorem 2.5 we obtain the main result of [6] :
From these presentations we see that u m 0 ð2nþ1Þ is central in G. In Theorem 2.5 (and Corollary 2.6) we cannot obtain that u 2nþ1 is central from the other relations. This answers a question asked by Sidki in [6] for the groups G k n . The following counterexample, obtained by using Magma, was communicated us by O'Brien [4] . It shows that the last relation ½u 2nþ1 ; a ¼ 1 is not a consequence of the other two relations of G k n for certain values of the parameters k and n. Consider the groups G and H, where G satisfies all three relations of G k n and H satisfies just the first two relations of G k n (i.e., we do not impose the relation ½u 2nþ1 ; a ¼ 1 in H). Let n ¼ 1 and k ¼ 2. Then m ¼ 1 and m 0 ¼ À3 satisfy the arithmetic condition 2mð2k þ 1Þ þ m 0 ð2n þ 1Þ ¼ 1. The group G has generators g 1 and g 2 and the following three relations:
This group is isomorphic to SLð2; 5Þ, hence it is of order 120.
The group H has generators h 1 and h 2 and the following two relations:
This group has a subgroup of index 9 generated by the following five elements:
, and h À1 1 . So G and H are not isomorphic. This shows that the group presentation G 2 1 has deficiency 1, and it cannot correspond to a spine of a closed connected orientable 3-manifold. In fact, we may associate to a group presentation P a canonical cell complex KðPÞ with only one vertex. The 1-skeleton of KðPÞ is a bouquet of circles which correspond to the generators of P. The 2-cells of KðPÞ correspond bijectively to the relators of P, which determine closed edge paths as the corresponding attaching maps. In our case, the cell complex K Proof. From the relations of G in Theorem 2.5 we obtain u ¼ a aþbþ1 in G ab . The first relation gives a ðltþ2tÞ=q ¼ 1 since
We recall that a Seifert manifold S is uniquely characterized by a system of invariants ðe g e 0 : b ða 1 ; b 1 Þ ða 2 ; b 2 Þ . . . ða r ; b r ÞÞ, where g is the genus of the base orbifold S, e ¼ O and e 0 ¼ o if S and S are orientable, respectively, b ¼ Àðe 0 þ P r i¼1 b i =a i Þ A Q, where e 0 is the rational Euler number of the bundle, and ða i ; b i Þ are the Seifert invariants of the ith exceptional fiber. For the theory of Seifert manifolds we refer to the monograph of Orlik [5] .
Applying [9, Theorems 2.1, 3.1] and Theorem 2.5 above, we obtain the following topological interpretation for our family of groups. Proof. We show that G is isomorphic to the group Eða; p; b; q; cÞ ¼ hx; y :
If a and p (respectively, b and q) are relatively prime, then from results in [9, cf. We remark that from (1) 
We have therefore the following Corollary 2.9. For all n d 1 and all k > 0 such that mð2k þ 1Þ þ n ¼ 0, the group G k n is the fundamental group of the genus 2 homology 3-sphere defined by the Seifert invariants ðO 0 o : À1 ð2n þ 1; mÞ ð2k þ 1; k þ 1Þ ð2; 1ÞÞ:
In particular, G k n admits the presentation
which is geometric, that is, it corresponds to a spine of the homology fibered sphere considered above. Furthermore, the group G 
The groups G k n
In this section we consider the groups G k n; t; q; l , for t ¼ 1, q ¼ 2, l ¼ 0, i.e., the groups G k n of [6] . For k ¼ 1, Sidki determined in [6] the split extension of G k n , and found arithmetic conditions under which such a group is perfect, and is infinite. Suppose that 3 is coprime with 2n þ 1. As remarked above, G 
Proof. The relation of
and so it satisfies x 2kþ1 þ 1 ¼ 0, and hence x 2ð2kþ1Þ ¼ 1. This proves that oðsÞ j 2ð2k þ 1Þ, where oðsÞ denotes the order of s. On the other hand, oðsÞ j ð2n þ 1Þ. So the order of s is odd and thus it must divide 2k þ 1. r
Remark. The above proof shows that s is also a solution of the equation
Since s is not the trivial automorphism, it satisfies the relation By the first relation of G k n , we can eliminate the generator
Thus G k n admits the presentation which is equivalent to
Setting y ¼ a À1 s, with inverse relation a ¼ sy À1 , we obtain
This shows that the elements y and s are conjugate. Therefore they have the same order. r By Theorem 3.3, the group _ G G k n admits an involution t which interchanges the generators y and s. Then we can consider the split extension G G k n of _ G G k n with respect to the cyclic group generated by t, and the derived (or commutator) subgroup Proof. If T 2 ¼ GI 2 then a ¼ Àd and a 2 þ bc ¼ G1 since bc 0 0 and Z 2nþ1 is a field. Using standard formulae for computing the jth power of a 2 Â 2 matrix (see for example [7] ), we get
and
Equating the obtained matrices yields R 2kþ1 ¼ R 2kþ1 (since b 0 0 and Z 2nþ1 is a field) and ða þ cÞR 2kþ1 ¼ ðc þ dÞR 2kþ1 . If
If R 2kþ1 ¼ 0, then ðSTÞ 2kþ1 and ðTSÞ 2kþ1 are diagonal matrices with
in the field Z 2nþ1 . The equations W ¼ ðSTÞ 2kþ1 ¼ ðTSÞ 2kþ1 imply that W is central. Now the centralizer of the matrix S consists of all matrices of the type h 0 g h
:
Since we assume for T that bc 0 0, it follows that W is a scalar matrix. r Set T ¼ 0 À1 1 0
Now we prove that if 3 divides 2k þ 1 and 2n þ 1 is prime then there exists an epimorphism G k n ! SLð2; Z 2nþ1 Þ. First, if 3 divides 2k þ 1, then the correspondence s 7 ! S, t 7 ! T extends easily to an epimorphism G G 
